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Direct measurement of wave functions has attracted great interests and many different methods have been
developed. However, the precision of current techniques is limited by the use of Fourier transform lenses. These
measurements require to shear cut the part of particles with momentum P = 0, which greatly restricts the
efficiency and application of the approaches. Here, we propose and experimentally demonstrate a method to
directly measure two-dimensional photonic wave functions by combining the momentum weak measurement
technology and the zonal wavefront restoration algorithm. Both the Gaussian and Laguerre-Gaussian wave
functions are experimentally well reconstructed. Our method avoids using the Fourier lens and post selection
on the momentum P = 0. We further apply it to measure wavefronts with ultra-high spatial frequency, which
is difficult for traditional Shack-Hartmann wavefront sensing technologies. Our work extends the ability of
quantum weak measurement and would be useful for wavefront sensing.
INTRODUCTION
The construction of the wave function of a quantum system
is of fundamental and practical importance. Quantum state to-
mography [1, 2] is an indirect method to establish the quantum
states, which requires a large set of strong measurements and
post-processing of these information. In 2011, Lundeen et al.
introduced a direct measurement of quantum states via weak
measurement [3], which reduced the complexity in character-
izing a quantum system. Thereafter great interests have been
attracted to extend the application to different types of quan-
tum system, such as mixed [4] and high-dimensional [5, 6]
states. In the technical aspect, the proposal of direct mea-
surement via scan-free measurement [7] and strong measure-
ment [8] further improved the technique of direct wave func-
tion construction.
In general, the direct measurement of photonic wave func-
tions consists the Fourier transform lens to achieve transfor-
mation of coordinate space and position space, in order to
shear cut the part of particles with the momentum P = 0.
The extraction on the part of P = 0 increases the experi-
mental complexity and it usually causes the loss of photons.
In addition, the photonic wave function that is outside from
P = 0 (higher modes) is always hard to reconstruct. On
the other hand, the experiments [3–6] considering the weak
measurement of positions followed by a strong measurement
of the momentum, often require scanning in the coordinate
space, which is time consuming and would be hard to realize
in characterizing high dimensional quantum systems.
Here, we demonstrate a Lens-less and scan-free direct mea-
surement of photonic two-dimensional transverse wave func-
tions. We obtain the momentum information directly via weak
measurement [9, 10] rather than shear cut the photons at the
momentum P = 0. Combining with the zonal wavefront
reconstruction algorithm [11], the photonic two-dimensional
transverse wave function can be established. Both the Gaus-
sian and Laguerre-Gaussian wave functions [12] are experi-
mentally well reconstructed.
Naturally, the wave function reconstruction is closely re-
lated to the wavefront sensing, which is widely used in
astronomy [13, 14], medicine [15, 16] and laser technol-
ogy [17]. The traditional Shack-Hartmann wavefront sen-
sor (SHWFS) [18, 19] has the difficulty in realizing accu-
rate sampling of wavefront slopes for the limitation of lens
arrays, which results in a low spatial resolution of recon-
structed wavefronts.Our work provides a new tack for high
precision wave-front slopes sampling by detecting momentum
weak values, and achieves pixel-level wavefront reconstruc-
tion, which is of great significance for wavefront sensing. We
further experimentally reconstruct wavefronts which are dif-
fused by a strong scattering medium. The results show that
this method has advantages in wavefront sensing with a high
spatial frequency.
THEORETICAL FRAMEWORK
In 1988, Aharonov, Albert and Vaidman firstly proposed
the concept of weak measurements [20], which required very
weak interaction between the system and a pointer system.
Usually, weak measurements of wave functions rest on the
sequential measurements of conjugate observables. The first
measurement of the momentum along the direction r is weak
enough followed by a strong measurement on the position
(also known as ”post selection”). Assuming that the observ-
able of the system to be measured is the momentum Pˆr =
−i~ ∂∂~r , the initial state is |ψ〉, and the ”post-selected” state is
the coordinate |r〉, the momentum weak value (taking ~ = 1)
is given as,
〈kˆr〉 = 〈r|Pˆr|ψ〉〈r|ψ〉 . (1)
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Fig. 1: Experimental setup. The laser with a central wavelength of 880 nm is coupled to a single mode fiber (SMF). A half-wave plate
(HWP1) and a polarization beam splitter (PBS) are used to rotate the beam’s polarization. The wavefront is shaped into a Gaussian mode with
a spatial filter, which is consisted of two lenses and a pinhole between them. After passing through another HWP2, the light beam is weakly
measured by a thin birefringent crystal (WM) with the axis set to be 42◦ in the y-z plane, which can be rotated along the z axis to weakly
couple the polarization and momentums in different dimensions. A quarter-wave plate (QWP) and a beam displacer (BD) are used to project
polarization states. The light beams are finally detected in an intensified charge coupled device (ICCD) camera. Three different input modes
are used: (I) the free Gaussian mode; (II) the Laguerre-Gaussian mode by passing the light through a vortex phase plate (VPP) with a 2pi phase
rotation; (III) the scattered mode with the light beam passing through a diffuser (600 grits).
If the direction ~r is chosen as ~x (~y), we can get the horizontal
(vertical) momentum of particles 〈kˆx(y)〉. According to the
momentum distribution, we can reconstruct the phase of the
wave function,
ϕ =
∫ 〈kˆx〉
|k| dx+
〈kˆy〉
|k| dy, (2)
where |k| = 2piλ , of which λ represents the wavelength. The
transverse wave function is then given by |ψ〉 = |ψ|e−iϕ,
where |ψ| is the amplitude and can be obtained via the projec-
tion measurement. See more theoretical details in the Meth-
ods.
By encoding the polarization of photons as the pointer sys-
tem, the photon’s momentum weak value can be detected by
using birefringent crystals [10], in which no Fourier lenses
and shear cut photons at P = 0 are needed. In addition, the
post selection on ~x (~y) can be performed on all position states
at the same time through the use of an array photodetector.
Therefore the momentum weak value 〈kˆx(y)〉 at all positions
can be measured simultaneously, which does not require scan-
ning.
EXPERIMENTAL RESULTS
The experimental setup is shown in Fig. 1. An infrared
laser with a central wavelength of 880 nm is used and then
is coupled into a single mode fiber (SMF). A half wave plate
(HWP1) and a polarization beam splitter (PBS) are used to
set the polarization. A spatial filter consists two lenses with
focal lengths of 50 mm and 100 mm, respectively, and a pin-
hole with 50 um diameter placing between them. The beam
diameter is expanded to about 1 mm after the spatial filter.
Here three optical channels are used: the Guassian light beam
(I) passes directly; (II) passes though a vortex phase plate
(VPP) [21] to prepared the Laguerre-Gaussian mode with the
orbital angular momenta of l=1; (III) passes though a diffuser
(600 grits) to prepared a scattered mode. Another HWP2 set
at 22.5◦ is used to rotate the polarization into a superposition
state 1/
√
2(|H〉 + |V 〉), where |H(V )〉 represents the hori-
zontal (vertical) polarization. The light beam further passes
through a thin calcite with the thickness of 0.7 mm. To mea-
sure the momentum weak values along the x axis (〈kx〉), the
optical axis is set in the x-z plane, which is oriented at 42◦
with respect to the z axis. To measure the momentum weak
values along the y axis (〈ky〉), the calcite is rotated by 90◦ to
let the optic axis in the y-z plane. A relative phase is intro-
duced between the vertical and horizontal polarization states,
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Fig. 2: Experimental results of the Gaussian mode. a. Hudgin
model. b. The Gaussian beam intensity distribution on the ICCD
camera. c. The reconstructed Gaussian phase distribution.
described as |H〉 + |V 〉 → |H〉 + eiζ〈kx(y)〉/k|V 〉, where the
dimensionless coupling strength ζ approximates 336 [10].
A quarter-wave plate (QWP) with the axis set to 45◦ and
a beam displacer (BD) are used to project the final polar-
ization states into the right/left-hand circular basis (|R〉 =√
2
2 (|H〉 − i|V 〉)/|L〉 =
√
2
2 (|H〉 + i|V 〉)). The correspond-
ing beam intensities IRx(y) and I
L
x(y) are detected by an inten-
sified charge coupled device (ICCD) camera, which consists
of 1024×1024 pixels and the length of each square pixel is
∆ = 13 µm. The wave function phase gradient can be mea-
sured to be
〈kˆx(y)〉/|k| = 1
ζ
arcsin(
IRx(y) − ILx(y)
IRx(y) + I
L
x(y)
). (3)
For each pixel (i, j), the discrete wavefront phase distribution
ϕ can be obtained as (also known as Hudgin model [22]):
〈kˆx(i, j)〉/|k| = ϕi+1,j − ϕi,j
∆
, (4)
〈kˆy(i, j)〉/|k| = ϕi,j+1 − ϕi,j
∆
. (5)
According to Eqs. (4) and (5), we can iteratively calculate
the wave function phase distribution, which is shown in Fig.
2a. The black edge grids represent the pixels of ICCD, while
the blue dots donate the phase points and the red “→” repre-
sent the directions and positions of momenta. The final wave
function can be obtained through the zonal wavefront recon-
struction algorithm as |φ〉 = √Ia.u.e−iϕ, where Ia.u. is the
normalization beam intensity distribution directly measured
by the ICCD camera. There is no photon loss in our experi-
ment. The complete wavefront phase can then obtained by the
zonal wavefront reconstruction algorithm.
We firstly employ the proposed method to directly measure
the Gaussian spatial wave function. The initial intensity distri-
bution of each pixel IGauss is detected directly by ICCD. We
can get normalized light intensity Ia.u. = IGauss/
∑
IGauss,
which represents |ψ|2. The corresponding experimental |ψ| is
shown in Fig. 2b. We further directly obtain the phase distri-
bution as shown in Fig. 2c, which is a typical Gaussian phase
distribution.
We further measure the wave function of high order modes.
The initial wavefunction is prepared to be the Laguerre-
Gaussian mode with the orbital angular momenta of l = 1.
The panels signed with 1 and 3 in Fig. 3a represents the in-
tensity distributions with left/right-handed circular polariza-
tions, respectively, when measuring 〈kx〉. While, the panes
signed with 2 and 4 in Fig. 3a represent the intensity distri-
butions with left/right-handed circular polarizations, respec-
tively, when measuring 〈ky〉. The brown and blue lines in
Fig. 3b show the variation of 〈kx〉 at y=0 and 〈ky〉 at x=0,
respectively. When closing to the center, the momentum re-
versely changes, which results that the photons travel spi-
rally. The momentums along x and y directions distribute
symmetrically because the wave function is spatially symmet-
ric. The normalized amplitude |ψ| of the Laguerre-Gaussian
mode is shown in Fig. 3c. The phase distribution of the trans-
verse wave functions restored by the momentum information
is shown in Fig. 3d. The inset shows the phase distribution on
the cross section of y=-0.4 mm. It can be clearly observed
that the wave function phase of x>0 is lagging 2pi behind
that of x<0, which is consistent with the theoretical Laguerre-
Gaussian spatial wave function.
Direct measurement of the photonic wave functions can be
naturally applied in wavefronts sensing. Our method can fur-
ther be used to reconstruct the wavefronts with ultra-high spa-
tial frequency that are always presented after some scattering
medium, such as diffusers [23–25], multi-mode fibers [26]
and so on. The wavefronts are hard to detect by tradi-
tional wavefront sensors, such as SHWFS. Based on the two-
dimensional momentum weak measurements, we can achieve
densely sampling of wavefront slopes, and the wavefront can
be restored of pixel-level resolution. Some numerical simula-
tions are shown in the Supplementary Information (SI) [27].
We experimentally reconstruct the wavefront which is scat-
tered by a diffuser (600 grits). When the optical axis of weak
measurement crystal is set in x-z plane, the intensity distribu-
tions are projected to the right-hand and left-hand circular po-
larizations, respectively, as shown in Fig. 4a right (left) panel
is the intensity distribution project to the right (left) - hand cir-
cular polarization). Fig. 4b shows the momentum distribution
〈kx〉. Similarly, when detecting the momentum distribution
〈ky〉, the light beam is post-selected on the right (left)-hand
circular polarization, of which the results are shown in Fig.
4c and d. The normalized intensity and phase of the scattered
light beam are shown in Fig. 4e and f, respectively. For the
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Fig. 3: Experimental results of the Laguerre-Gaussian mode. a. When the optical axis of the weak measurement crystal is set in the x-z (y-
z) plane, the intensity distributions of the light beam projected to the right/left-handed circular polarization (|R〉〈R|/|L〉〈L|) are represented in
1 and 3 (2 and 4), respectively. b. Transverse momentum distributions in the x/y direction at y/x=0. c. The amplitude of the Laguerre-Gaussian
wave function. d. The phase distribution of the Laguerre-Gaussian wave function. The inset shows the magnified case in the black box, which
represents the phase distribution in the x direction at y=-0.4 mm. There is a λ phase difference in the x direction.
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measurement errors of scattering modes, phase distributions are of stripe noise. By modding 0.1pi, we still find the contour
5phase map obviously which is shown in the red circle in Fig.
4f.
We further introduce another wavefront restoration algo-
rithm (Zernike mode method) based on weak measurements,
which can extract Zernike aberration coefficients [28] in dif-
ferent orders. See SI for detailed results [27].
CONCLUSION
We have proposed a lens-less direct measurement of pho-
tonic two-dimensional wave functions, by employing mo-
mentum weak values. The Gaussian spatial wave function
and Laguerre-Gaussian wave function are experimentally re-
constructed. For the higher mode, the 2pi phase retardation
of photons carrying orbital angular momentum of momenta
l = 1 was observed.
Our method can be further used for wavefront sensing. Es-
pecially, it can be applied to reconstruct wavefronts with high
spatial frequencies, which can not be well achieved by the tra-
ditional methods. The wavefunction diffused by a scattering
medium is also experimentally reconstructed.
The combination of quantum weak measurements and clas-
sical wavefront restoring algorithms not only provides a
scheme for the photonic wave function reconstruction, but
also greatly improves the accuracy of wavefront sensing. Our
work extends the ability of weak measurement and would be
useful for wavefront sensing. By optimizing the algorithm,
the accuracy can be further improved.
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This document provides supplementary material to ”Zonal reconstruction of photonic wavefunction via mo-
mentum weak measurement”. The simulation results of wavefront reconstruction with different kinds of aber-
rations are shown in section I. In section II, another method of wavefront reconstruction based on the Zernike
mode method and numerical simulated results are proposed.
I. THEORETICAL FRAMEWORK
The momentum weak value.
The photons’ initial state is expressed as:
|ψ0〉 = |H〉|φ0〉, (S1)
where |φ0〉 represents transverse wave function, which is the
function of spatial position (x, y). |H〉 represents the horizon-
tal polarization. After the preparation operator Iˆ = |D〉〈D| ⊗
|φ〉〈φ| the state changes to,
|ψi〉 = Iˆ|ψ0〉 = |D〉|φ〉, (S2)
where |φ〉 is the transverse wave function to be measured and
|D〉 = 1√
2
(|H〉 + |V 〉) (|V 〉 represents the vertical polariza-
tion). Then the light beam passes through the weak measure-
ment system, which couples polarization pointer |H〉〈H| and
momentum operator Pˆx(y) along the x (y) direction, where
Pˆx(y)=−i~ ∂∂x(y) . The interaction Hamiltonian for weak mea-
surement is given as Hˆx(y)=g|H〉〈H| ⊗ Pˆx(y). g is the cou-
pling strength and set to be very small, so the influence of the
measurement on the system is very weak. The time evolution
of the Hamiltonian can be expressed as
Uˆω|ψi〉 = e−iHˆx(y)∆t/~|ψi〉 (S3)
≈ (1− ig∆t|H〉〈H| ⊗ kˆx(y))|ψi〉. (S4)
We can write the state as the state of beam becomes
|ψ′i〉 = e−iHˆx(y)∆t|D〉|φ〉 (S5)
= 1/
√
2(|H〉e−ig∆t〈kˆx(y)〉 + |V 〉)|φ〉, (S6)
where 〈kˆx(y)〉=〈x(y)|kˆx(y)|φ〉/〈x(y)|φ〉 is the so-called weak
momentum value. To measure this value, the pointer state (po-
larization) is post-selected onto the circular basis |R〉〈R| and
|L〉〈L| (|R〉 =
√
2
2 (|H〉 − i|V 〉), |L〉 =
√
2
2 (|H〉 + i|V 〉)) at
each position of |x(y)〉〈x(y)|. The corresponding wave func-
tion ψRx(y) and ψ
L
x(y) are
ψ
R(L)
x(y) = 〈R(L)|〈x(y)|ψ
′
i〉 (S7)
= 1/2(e−ig∆t〈kˆx(y)〉 ± i)〈x(y)|φ〉. (S8)
The expression of the weak value of momentum is given as
〈kˆx(y)〉 = 1
g∆t
arcsin(|ψRx(y)|2 − |ψLx(y)|2), (S9)
We set interaction strength to be ζ = g∆t|k|.
The reconstruction of wavefunction.
The wave function phase part ϕ can be expressed as
∂ϕ/∂x(y) = 〈kˆx(y)〉/|k| (S10)
=
1
ζ
arcsin(|ψRx(y)|2 − |ψLx(y)|2). (S11)
According to the slope distribution, we can reconstruct the
phase of wave function
ϕ =
∫
〈kˆx〉/|k|dx+ 〈kˆy〉/|k|dy. (S12)
The transverse wave function is,
|ψ〉 = |ψ|e−iϕ, (S13)
where |ψ| is the amplitude of wave function and can be ob-
tained via projection measurement.
In the experiment, after post-selected, the beam intensity
IRx(y) and I
L
x(y) is detected by the ICCD camera. The proba-
bility in Eq. (S11) is |ψR(L)x(y) |2 = IR(L)x(y) /(IRx(y) + ILx(y)). The
distribution of wave function phase gradient is
〈kˆx(y)〉/|k| = 1
ζ
arcsin(
IRx(y) − ILx(y)
IRx(y) + I
L
x(y)
), (S14)
which is the result of Eq. (3) in main text.
II. APPLICATION: SIMULATION OFWAVEFRONT
SENSING
A wavefront sensor is a device for measuring the aberra-
tions of an optical wavefront. Here we show two kinds of
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FIG. S1: Noise Simulation. a. Normalized statistical representation
of the noise distribution. b. Intensity distribution on the detector.
simulated results via momentum weak measurement to recon-
struct phase distributions with aberrations.
The parameters of simulation are the same as those of ex-
periment, including wave length λ = 880 nm, spatial resolu-
tion 1024 × 1024 and coupling strength ζ = 336. In order to
simulate the characteristics of photons detectors ICCD cam-
era, Gaussian noise is applied to the intensity of light accord-
ing to the dark count of ICCD camera and the fluctuation of
photons.
Noise simulation
In order to simulate the characteristics of experimental de-
tectors, we applied Gaussian noise to the intensity of light.
During the experiment, we found that the relative dark count
of the ICCD is 0.01, and the relative fluctuation of photons is
0.005. Therefore, the mean and variance of Gaussian noise
are set to 0.01 and 0.005 respectively, which is shown in Fig.
S1a. The light intensity received by the detector is shown in
Fig. S1b.
Zernike aberration test
The simulated results are shown in FIG. S2. The wave-
front phase distribution contains 12 Zernike aberrations [1]
(shown in FIG. S2c), which are randomly generated. Root
mean square (RMS) and peak valley difference (P-V) of the
original wavefront to be reconstructed (FIG. S2a) areRMS =
0.0028λ and P − V = 0.01λ respectively. In FIG. S2b,
the reconstructed wavefront is obtained with the momentum
weak value measurement. FIG. S2d shows the relative resid-
ual wavefront error, whose RMS is 1.35 × 10−17λ. The re-
sults show that, in simulation, momentum weak measurement
is useful to reconstruct wavefront and detect the aberrations.
Aberration with high spatial frequency detection
Fig. S3 shows the simulated results. The original wavefront
with ultra-high spatial frequency aberrations is shown in FIG.
S3a, in witch the RMS = 0.0002λ, P − V = 0.00015λ and
each pixel’s phase is randomly generated. The reconstructed
wavefront via momentum weak measurement and the relative
residual error are shown in FIG. S3b and c, respectively. The
RMS wavefront error is set to be 7.65× 10−19λ. In contrast,
the reconstructed wavefront by SHWFS (The number of
microlens arrays is 25×25) is shown in FIG. S3d. The RMS
wavefront error is 6.87 × 10−5λ, which means SHWFS
can not reconstruct the wavefront with ultra-high spatial
frequency.
III. ZERNIKE MODES WAVEFRONT SENSING
ALGORITHM
Here we will introduce another wavefront recovery algo-
rithm [2] based on Zernike modes wavefront sensing. The
wavefront can be expressed as a linear combination of two-
dimensional orthogonal basis, for example, Zernike modes.
Assuming the wavefront phase distribution is φ(x, y), which
can be express as,
φ(x, y) =
n∑
k=1
akZk(x, y), (S15)
where ak are coefficients of Zernike mode Zk(x, y). Differ-
entiation on both sides of the Eq. (S15), the relationship be-
tween wave front slope and Zernike mode coefficients can be
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FIG. S3: Numerically reconstructed wavefront with ultra-high
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FIG. S4: Numerically reconstructed wavefront with multiorder
Zernike modes. a. The original wavefront to be reconstructed, b.
The reconstructed wavefront. c. Zernike aberration restoration for
each order Zernike mode. d. Zernike coefficients of the wavefronts
in a and b.
obtained,
〈kˆx〉
|k| =
∂φ
∂x
=
n∑
k=1
ak
∂Zk
∂x
, (S16)
〈kˆy〉
|k| =
∂φ
∂x
=
n∑
k=1
ak
∂Zk
∂y
. (S17)
By projecting the measured wavefront slope information to
the vector space composed of the partial derivatives of Zernike
two-dimensional orthogonal basis ∂Zk/∂x(y), the coeffi-
cients ak of wavefronts can be measured.
The simulation results are shown in Fig. S4. Fig. S4a. de-
notes the input wavefront, and Fig. S4b. represents the wave-
front reconstructed by the slope fitting method. The Zernike
coefficients of Fig. S4a. and Fig. S4b. are shown in Fig.
S4c. In addition, we simulate the reconstructing ability of
this method for each order Zernike mode, which is shown in
S4d. The input Zernike coefficient is consistent with the out-
put. The results show that this method can be used to restore
the distorted wavefront with multi-order Zernike aberrations.
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